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Abstract 

lO ' We study the perturbation of bound states embedded in the continuous spectrum 

i which are unstable by the Fermi Golden Rule. The approach to resonance theory 

I based on spectral deformation is extended to a more general class of quantum systems 

characterized by Mourre's inequality and smoothness of the resolvent. Within the 
framework of perturbation theory it is still possible to give a definite meaning to the 
notion of complex resonance energies and of corresponding metastable states. The 
pv^j ■ main result is a quasi-exponential decay estimate up to a controlled error of higher 

order in perturbation theory. 



> 

^ : 1 Introduction and results 
o 

Q ■ Resonance theory in quantum mechanics deals with the instability of embedded bound states 
^ ■ under arbitrarily weak perturbations. Its task is to provide a proper foundation for the 
traditional vague scenario: If Hip = \ip describes the original bound state ip, with a simple 
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eigenvalue A embedded in the continuous spectrum of the Hamiltonian if, and if H is 
perturbed into 

H^ = H + kV, ^ 0) , 

then A splits into a complex conjugate pair A^ of resonances which dominate the perturbed 
evolution of (p, e.g. as {ip, e~^^'^^ip) ~ e^*'^"* up to small errors for t +00 and Im A^ < 
(quasi-exponential decay). The errors reflect the fact that a strictly exponential decay is im- 
' possible ^U] if H is bounded below and they may also stem from a perturbative construction 
^ of the resonances A^ such as the time honoured Fermi Golden Rule. 

The first consistent resonance theory |25| EEl 1^ along these lines required the existence 
of an analytic spectral deformation of H which removes the continuous spectrum of H near A 
(U El 1211 123 nil CS] • Meanwhile, Mourre's inequahty [201 related commutator techniques 
1221 dl have opened a more general and more flexible approach to the resonance problem 
pTj IT7j . In this paper we develop one such approach systematically. Our key result is a 
quasi-exponential decay law which also defines the complex resonances A^ uniquely up to 
subleading errors. A different, time dependent approach is taken in fI7 \ ITH l IHj. 

We state the basic definitions and assumptions, with comments on the mathematical 
background, which will be used freely in the subsequent parts of the paper. 

The unperturbed quantum system is described by the self-adjoint Hamiltonian H on the 
Hilbert space Ti. Mourre's operator inequality holds for the open interval A C M in the form 

E^{H)i[H, A]Ea{H) ^ eE^{H) +K, (1) 

where E^{H) is the spectral projection of H for the interval A, a positive constant and K 
a compact operator. A is a self-adjoint operator which needs to be defined in relation to H 
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(if possible) for any concrete application, see [7] , Ch. 4 for examples. In our general setting 
it suffices to require that the domain of H is invariant under the unitary group generated by 
A: 

e''^V{H) C V{H) , (s e R) . (2) 

This entails the bound 

II {H + i)e''^{H + i)-^ II ^ Ce^l^l (3) 

for some constants C, > 0, see j2] Props. 6.3.1 (b) and 3.2.2 (b), and in turn the fact that 
the domain T>{H) fl I'(A) is a core for H. 

At this point we need to comment on the meaning of the commutator A] of two 
possibly unbounded, self-adjoint operators ^H]- While the expression i{HA — AH) is quite 
useful for casual computations, it is actually ill defined due to domain questions. The strict 
definition of this object uses and starts from the sesquilinear form i{Hu, Av) —i{Au, Hv), 
which is well defined for all vectors u, v in the domain 'D{H) fl 'D{A). If this form has a 
bound 

\i{Hu,Av)-i{Au,Hv)\ ^ C\\u\\\\{H + i)v\\ , (4) 

it extends to the sesquilinear form of a unique self-adjoint operator called A], which is 
bounded relative to H. Therefore the second order commutator i[i[H, Al\,Al\ = —aid^2\H) is 
defined as well if the bound (0)) with i[H, A] instead of H on the l.h.s. is assumed. The k-th 
order commutator, denoted by ad^''(if), is then defined recursively in terms of ad^~^''(if) 
and A, starting with ad^''(if) = H. For = 1 we use ad^^(if) = [-ff , ^] as equivalent 
notations. Multiple commutators appear in connection with resolvent smoothness ^^1^ If 
the commutators ad^^\H), {k = 0, ...n + 1) exist, then the weighted resolvent and its 
derivatives up to order n — 1, 

_(A - z)-(z - H)-\A + , (A; = 0, . . . n - 1; s > n - 1/2) , (5) 

have one-sided boundary values as z = x + iy E 'C\M. approaches the real axis, ±?/ [ 0, with 
X G A, provided the inequality ((T)) holds with K = 

Let P be the eigenprojection corresponding to A and P the projection 1 — P. Moreover, 
we write T := FTP for the restriction of an operator T to the range of P. We will see that 

F{z,k) = VP{z-H,y^PV^) 

has boundary values as in (0) if A lies in a small Mourre interval A, even though the virial 
theorem now requires 7^ in (^. We furthermore assume that the decay rate F of v?, as 
computed by the prescription of the Fermi Golden Rule, is positive: 

- := -ImF(A + iO,0) > 0. (6) 

By this condition the eigenvalue A must be embedded in the continuous spectrum. 

The main result is that there is a resonant state whose time evolution is consistent with 
that prescription over a long time interval. Before stating it let us summarize the general 
hypotheses. 

Condition 1.1 a) The operator H is self-adjoint and A is an eigenvalue of H , with 
eigenprojection P. The perturbation operator V is symmetric and H-bounded. The 
Hamiltonian is H^^ = H + nV. 
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b) There is a self-adjoint operator A and such that ^ holds true and, for some integer 
u, the multiple commutators ad^''(if), ad^''(V^), (k = O,...!/) exist as H-bounded 
operators in the sense explained above. 

c) Mourre's inequality (Ojj holds for some open interval A 3 X. 

By the last condition the degeneracy of the eigenvalue A is finite (see e.g. |2j, Thm. 4.7). 
For simplicity we state the quasi-exponential law only for the case that A is non-degenerate. 

Theorem 1.2 Let Condition \1.1\ be fulfilled for z/ ^ n + 5, with A a simple eigenvalue, as 
well as eq. Then there is a function g G C^(A) with g = I near A such that 



e-'"-'g{HM = a{H)e~'^'^' + t) , (t ^ 0) , (7) 



where 



\a{K) — 1| ^ CK^ , 

'c/€2|log|/t||(l + t)-", (8) 

C/€2(l+t)-("-l). 



\h{K,t)\ ^ 



Moreover, 



K = \ + V^) + k'^F{X + zO, 0) + o{k^) , (9) 
and, in particular, ImAK < 0. 

We stress that the quasi-exponential decay ((Zj) uniquely defines the resonance A^ up to 
relative errors 0{k^). This results from the following observation and from (jU)). 

Proposition 1.3 Assume ^ with remainder estimates (0), say of the second type for 

h{K,t). If 

(<^, e-'^^^'g^HM = a{K)e-'~^-' + t) (10) 
with similar bounds on a, b, then 

|Ak - Ak| ^ CK^IImA^I (11) 

for some constant c. 

The proof of Theorem 11.21 depends on the Feshbach formula [HJ ^1 

{ip,iz- H^)-^ip)-^ = Z- B{z,k), B{z,K) = \ + K{ip,Vifi) + K^F{z,K), (12) 

[Imz 7^ 0). It furthermore rests on the following results, which do not require that the 
eigenvalue A be simple. 

Theorem 1.4 Let Condition \l.l\ be fulfilled for v ^ n + 2. Then 

RanP C I?(A"). 

In particular, the operators A^P and PA^ are bounded. Moreover, RanA"P C T>{H). 
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As already mentioned, a second consequence of Condition 11.11 is the regularity of the 
boundary values of the resolvent in an interval / G A containing A. 



Theorem 1.5 Let Condition \l.l\ he fulfilled for v ^ n + S and let I he a compact suhset of the 
Mourre interval A. For s > n — |, k small enough, and z G := {x + iy\x G /,0 < |y| ^ a} 
define 

R{z, /€) = (A - i)-%z - H^)-\A + i)-' , (13) 



Then there exist constants Ci and C2 such that 



d^ 



(A; = 0,...,n-1) 



dz 



2s — 2n + l 
<^ C2\Z ^ \2s — 2n + 2sn + l 



Moreover, derivatives and houndary value limits (hoth in operator norm) may he inter- 
changed. 



Remark. In the case n = 1 and | < s < 1 the stronger result 

\\R{z,k)- R{z\k')\\ ^ C2{\k-k'\ + \z-z'\)^^ 

holds [E!. 



(14) 



As we will show in the next section, Theorem 11.51 is a consequence of results on resolvent 
smoothness obtained in [16j and of Theorem 11.41 The latter result was proven in [T, and a 
somewhat different proof is given below. The proofs of Theorem 11.21 and Prop. 11.31 will be 
given in Sectional 



2 Proofs of the preliminary results 

The idea of proof of Theorem 11.41 can be traced back to |9] . If simplified to the extreme of 
becoming incorrect, it is as follows: Consider 

i[H, ^2"+!] = {2n + l)A"i[i7, + lower order terms , (15) 

where the lower order terms contain higher order commutators. We take expectation values 
in an eigenstate, H^p = X<f, so that the l.h.s. vanishes. As for the r.h.s., we note that 

A^HA'^ = H + lower order terms. 

A diverging vector A'^ip would be an approximate eigenstate for H, since the lower order 
terms will become negligible if applied to it. Hence the Mourre estimate is applicable to 
()15p. so that the r.h.s. diverges as well. This is in contradiction to the l.h.s. 
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We begin with some preliminaries. For Im 2; > we have the representation [A — z) ^ = 
^ ^~^^^^~^^ds. Together with a similar representation for Im^; < 0, Eq. ^ implies 

\\{H + z){A-zr\H + z)-'\\^--^ (16) 

I im z I — uj 

for |Im2;| > u. We will assume this for z G C, as it will make sure that the following 
commutators define bounded operators Vi^H) — > H, where T>{H) is equipped with the graph 
norm of H. Operators identities like the following may then be verified first as forms on 
V{H): 

[H, {A - z)-^] = -{A - z)-iadA(if)(A - zY^ (17) 
= -\{{A - z)-\dA{H) + ad^(i7)(A - z)-') + ^{A - z)-\df{H){A - z)-' . (18) 

We shall need a bounded approximation, A^ = f{A), to the unbounded operator A, such 
that /'(;u) > 0. The choice 

A^ = arctan(eA) , (e 7^ 0) , 
will be convenient due to its explicit representation in terms of resolvents: 

A, = — / [{eA + it)-^ + {eA-it)-^]dt (19) 
2 Ji 

as a strongly convergent integral. This follows from 



arctan u = / — -dt = \ dt . 

We remark that for small e, the resolvents aX z = ±ie~^t appearing in (jl9|) satisfy As 
suggested by (fl^j) . we will be led to consider [H, A^] as well: by (fTTj) we have 

[H, (eA + it)-^] = -e{eA + it)-^adA{H){eA + it)-^ , (20) 

so that the contributions to [H, A^] from the two terms under the integral (fT^ are now 
separately convergent in the graph norm of H: 

[H, A,] = -7:J2 + ait)-\dA{H){eA + mty^dt . (21) 

^ a=± -^1 

Lemma 2.1 Let k + I ^ u. Then 

s - lim adf (ad^^ (H)) = ad^^''^ (H) , (22) 

as bounded operators T>{H) 7i. 
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Proof. Clearly, {eA + ait)'^ (ait)-^ in the Hilbert space norm, uniformly in \t\ ^ 1. 
We claim convergence also as operators 'D{H) V{H), i.e., 

s - \im{H + i){eA + ait)-\H + i)-^ = {mty^ . (23) 

In fact, by ()20|) we are considering the limit of 

{eA + aity^ - e{eA + ity^a.dA{H){eA + ity\H + i)'^ 

where the second term is bounded in norm by a constant times e. 

We now prove (|22|) by induction in k. There is nothing to prove for A; = 0. Equation (|2H) 
applies as well to ad^^(iJ) instead of H, showing for k ^ 1 



e^d^Zi^d'^'m = adX-^^(ad^,(ad^^(i/))) 

= {eA + cnt)-^ad^^;^\8id'i^^\H)){eA + mt)-^dt 

in the topology of (j^ . where we used and the induction assumption. □ 
Another representation for the commutator ()21|) is 

[H, A,] = ^ - taeA)-'adAiH){l + laeA)-^ + ^(1 + A^Y^ ^d^f + A^Y^ 



(j=± 

p2 TOO 

+ {eA + attY^adf{H){eA + aitY^dt. 



(24) 



It is obtained from (fTH)). rewritten as 

[i/, (eA + zt)-i] = -^{{eA + itY^adA{H) + adA{H){eA + itY'^) 

+j{eA + ttY^^df{H){eA + itY^ , 

where the last term gives rise to the corresponding one in ()24|) through ()19|) . The contribution 
of the first term is 

i ^(1 - iaeAY^a.dA{H) + adA(i^)(l - laeAY^ 

by using j^{eA + itY^dt = -(1 - ieA)-!. This may be regrouped as 
^ ^(1 - iaeAY^ (ad^(/J)(l + iasA) + (1 - iaeAYdA{H)) (1 + iaeA)-^ 



i ^(1 - «o-£A)-iadA (//)(! + 2(T£A)-^ + i 5Z ^^(^ " zcT£A)^^adJ^(if)(l + zaeA)^^ 
=± 



with the first term giving rise to the corresponding one in (j24p . Finally, the other term yields 
the middle one there, since it equals 

|(1 + e^A^)-^ + iaeA)a.A^l\H){l - laeA)^ (1 + e^A^)-^ 



^l[l + s^A\\df{H){l+E'A')-' 



A^. The first one is 



The proof of Theorem 11.41 will depend on a few commutation relations between H and 

^^" = E(fc)^r'^C^(^)- (25) 



fc=0 

mi 



It is obtained by moving H = ad'-X^H) to the right of A, by means of 

ad^ {H)A, = AMT. {H) + ad^;^) {H) , (26) 

and similarly for the so generated "contractions" ad^^''(iJ), {k ^ 1). In this process the 
number of ways to contract k factors of is (^). We shall also use the adjoint expansion 

to (123), 

A-^H = HA- + j2 (t) {-iradfAH)A--' , (27) 
fc=i ^ ^ 

where we singled out the contribution with A; = 0. A further identity is a consequence of 
(EnilZ3): 

[if, = [H, + A'^IH, A^+^] - A'^IH, Ae]A'l 

= (2n + l)A^[/i,A,]A^ 

+ E r t {A-^'-'^<^fSH)A: + {-lf-'A-adfSH)AT'-') , (28) 

k=2 ^ ^ 

where we separated the contributions with k = 1 from the others. The two terms k = 2 may 
be joined to A^~^ad^^^^{H)A'^~^; the first one with A; ^ 3 is 

A^+^-''adf^{H)A^ = A^+2-'=adJ^(i/)A^-^ + A^+i-*^adJ+')(i/)A^-i , 

and similarly for the second. After these steps and except for the term k = 1, the highest 
power of A^ flanking a commutator is n — 1, and the order of the latter does not exceed n + 2. 

Proof of Theorem [Ql To be shown is that (i) ip E V{A^) and (ii) A^ip e V{H) for 
with Hip = \ip. It is convenient to include (iii) 

lim(if + i)A^(^ = {H + i)A''ip (29) 
among the induction assumptions. 
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Let thus (i-iii) hold true for k < n instead of n. From (|27p and (j22j) for / = we obtain, 
as e — s> 0, that 

iH-X)Ay, (30) 

(H - A)(l + ieAy^A'^ip = (1 + i6A)-\H - A)^^^? - + i6A)~^[H, A]{1 + ieAy^A'^if 

(31) 

are convergent. For the last statement we used ()29j) for k = n — 1 and {H+i)eAs{H+i)^^ 
0, which follows from (j?H) and — > 0. 

We observe that (ii, iii) follow once (i) will be established. In fact, we will then have 
A^(p — i> A"-ip, (e — > 0), so that (jHUj) implies (ii, iii) because if is a closed operator. 

It thus remains to show (i). Since {x + i){x — X)~^ is bounded for x ^ A, we have 

\\{H + t)EAiH){l + leAy^A'^ifW ^ C|| (iJ - A)(l + z^A)-^^!! ^ C" , (32) 

because of (jHTj) . The expectation of the l.h.s. of ()28p in ip vanishes by the virial theorem, 
whence 

(2n + l)(A>,^[/f,A,]A» (33) 
by (1221) • We shall prove that if 



||(l + z£A)-M>|| — ^oo (34) 
for some sequence e = En ~^ 0, then eventually 

{Ay,t[H,A,]Ay) ^ ^\\{l + tEAr'A^cpf-C,\\il + teA)-'A^ip\\~C2 (35) 

along that sequence. Since this and (jH^ are in contradiction with (jHlI), we have shown 

\\{l + i6A)~^Ay\\ ^ c 
for all small e ^ 0. Hence, for any ip G V{A^), the l.h.s. of 

(V^, (1 + teAy'A^v) = ((1 - zeAy'A'^ij, ^) (36) 
is bounded by and so is its limit (A"V^, cp). Thus cp E I?(A"*) = P(A"). 

To show (|35p we first note that 

^ {l + ieA)-^A^^ ^ 
Ul+^eA)-^AM\ ~^ ' 

Indeed, \\iPe\\ = 1 is uniformly bounded and (V', V'e) — ^ for ip E V{A"-) by (jHHj OH). In 
particular, Hi^'y^gjl — > 0. The contribution to (jH^I) from the last two terms in may be 
estimated from below by 

-CE\\\il + tEA)-'A"^iff + l) (37) 

due to the second part of (jH^ (this norm is unaffected by i ^ —i). That of the first term is 
dealt with using 

adAiH) = E^{H)a.dA{H)E^{H) + E^{H)3.dA{H)E^{H) + E^{H)3.Aa{H) , 
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the Mourre estimate c) in Condition ll.il and 

((1 + iaeAy^Ay, ia.dA{H){l + iasAy^A'^if) 
^ e\\EA{H){l + iaeA)-^A^ipf - + iaeAy^A'^ifW \\K{1 + iaeA)-^A^^if\\ 
-Ci||(l + ^a£A)-M>|| -C2. 

By using (jH^ once more, E^i^H) may be dropped at the expense of increasing C2. Reducing 
9 to 9/2 accounts for and K at small e. □ 

We now turn to the proof of Theorem 11.51 which in the case n = 1 can be found in |15j . 
In j22j it has been proven that under Condition 11.11 with K = Q the weighted resolvent 
{A — i)~^{z — H)~^{A + has continuous boundary values, and this result was later 
extended in to derivatives in z of finite order. The following two lemmas ensure that the 
hypotheses, and in particular K = 0, are satisfied if the operators if^, A are both restricted 
to the range of P. 

Lemma 2.2 Let Condition he satisfied for u = n + 2. There is a kq such that the 
commutators ad^^iJ^) ore H i^-hounded for j = 1,2, . . . ,n, uniformly in n ^ Kq. 

Proof. We claim that for j ^ n 

adf (H) = Pad^i^ {H)P + G, (38) 

where G is a bounded operator. More precisely, G is a sum of terms TBT*, where B is 
bounded and T, T are of the form A^^&d^j^\H)P , with ji + ^2 + ji + J2 ^ j- That G is 
bounded follows by Theorem 11.41 and its pattern is seen to be compatible with induction 
from 

[Pd.d^i\H)P, A] = Pad'i^^\H)P + P{APa.df{H) - a.df{H)PA)P, 

AT = P{AT - APT) . 

Similarly, (jHHj) holds with V in place of H. Because of part (b) of our assumption, i.e., 

llad^'HWII ^ af^\m\\+bf\m, 
||ad^)(^)^ll ^ af Ili/V^II + ^f ll^ll, 

we have 

\\Pad'i\H^)P'^\\ ^ \\Pad'{\H)P'^\\+K\\Pad'i\v)P'4j\\ 

^ iaf + Kaf)\\m\ + {bf + Kbfm\, 

where 

II^V^II ^ WH^^W + k\\V^\\ ^ WH^^W + a^o^K\\H^\\ + b^^'>KU\\ . 

(2) ^ ^ 

Thus for Oq K < 1/2 the reduced operator H is if^-bounded, and so are the operators 

Padf{H^)P. □ 
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Lemma 2.3 There is an open interval A, A G A, and a constant Kq > such that for 
K, < Kq and some constant 6 > independent of k, 

E^{H^)i[H,, A]E^{H^) ^ 9E^{H^) , (39) 

where E(Hi^) is the spectral projection of H^^ on the reduced space PTi. 

Proof. We multiply (P) from both sides with P, commute it with Ej\{H) and H, and use 
that E^{H) converges strongly to for A ^ {A}. We so obtain 

Ea{H)i[H,A]Ea{H) ^ 9Ea{H) 

for some ^ > and small A. 

Let h G C^(R) with supp C A and h\/^/ = 1 for some smaller interval A'. Then 
EAiH)h{H) = h{H) and 

h{H)i[H,A]h{H) ^ eh{H) . 
Since h(Hi^) — h(H) = 0{k) in norm, 

h{H^)i[H, A]h{H,) ^ eh{H^) - OiK) . (40) 

Muhiplying (gOl) with Ea'{H^) we obtain 

Ea,{H^)i[H,A]Ea,{H^) ^ (0 - 0{k))Ea,{H^) . 

By ipHj) we have 

[V, A] = P[V, A]P + G 

with G bounded, and Lemma IT^ implies that Ej\/{Hi^)[V, A]EA'{Ht^) is bounded for k suf- 
ficiently small. Therefore 

EA'iH^)t[H^,A]EA'{Hn) > EA>{H,)t[H,A]EA>{H^)-0{K) 

^ {e-0{K))EA.{H^) 

and the statement holds for k small enough. □ 

Proof of Theorem II. 5L By Theorem 2.2 of 16] and the above lemmas we obtain the 
claim, except that A in p3|l is replaced by A. Indeed, by fH] the existence of ad^^^"* (-?/«) 
is required, whence the condition v ^ n + ?> through Lemma 12.21 By induction, we see that 
{A)^ = P{A^ + G), where the bounded operator G is a sum of terms of the form A^^PB with 
B bounded and ni ^ n. We conclude that {A)'^{A + z)~" is bounded, whence Theorem 11.51 
holds as stated. □ 



3 Construction and decay of the metastable state 

The purpose of this section is to prove the nearly exponential decay of a metastable state as 
presented in Theorem 11.21 Unlike for other results of this kind we do not assume that the 
matrix element (99, {z — Hf^)^^ip) has an analytic continuation across the real axis; instead 
that quantity, or rather its inverse, see (fT^. will have regular boundary values at real z, as 
the following lemma shows. 
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Lemma 3.1 Let Condition \1.1\ be fulfilled for z/ = n + 5, n ^ 0. On a compact subset I of 
the Mourre interval A, 

F{E + iO,K) G 

as a function of E whose norm is uniformly bounded for small n: 



d^ 

TF{E + iO,K) 



^c, (j = 0,...,n + l) (41) 



dE^ 

for some constant c. Moreover, 

-Im F{E + iO,K)>0, (Eel). (42) 

Proof. By Theorem II .51 the claim follows if {A + i)^VP is bounded for some s > + 2 — |. 
This is indeed the case for s = n + 2 thanks to (j27|) with V in place of H. Eq. (j42p follows 
from (jni) by continuity in z and k, see (I14j) . possibly at the expense of making the interval / 
smaller. □ 

To prove Theorem ll.2l we will approximate F{z, k) by a function Fn{z, k) which is analytic 
across the real axis. Through the Feshbach formula (fT^ there corresponds an approximation 
z — Bn{z, k) with 

Bn{z,K)=\i{K) + K^Fn{z,K), \i{k) = \ + ,V ^) (43) 

to the (inverse) matrix element (</?, {z — Hi^)^^(f)^^ . This will allow to compute the survival 
amplitude (jZj) as in the deformation analytic case, up to a small error consistent with the 
remainder estimate (jH)). We first discuss the requirements for F„: 

Proposition 3.2 Let Fn{z, k) be an approximation to F{z, k) in the sense that for k, small 
enough 

1. the function Fn{z, k) is analytic in a neighborhood Ur{X) = {z & C\\z — X\ < r} of X 
for some r > and 

\F4z,k)\^c, (44) 
-ImF„(z,K) > 0; (45) 



2. the remainder 



rn{E,K):= {iB{z,K)-z)-^ -{B4z,K)-zy^) , (46) 

z=E+iO 



satisfies 



w U)f \\\ ^J^^^' (j = 0,...,n-l), 

Then ^ holds for a suitable g G C^{I) and a complex frequency satisfying 

A, = Ai(/€) + K''FniX,{K), k) + 0(/€^) . (48) 
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We will later show that the n-th order Taylor polynomial of F at the first order eigenvalue 
Ai(k) qualifies for Fn{z, k). Then F„(Ai(k), k) = F(Ai(k) + iO, k) = F(A + iO, 0) + o(l) as 
K —>■ 0, and (jIH|) implies thus completing the proof of Theorem 11.21 

To prove the above proposition we need the following lemma. 

Lemma 3.3 For k small enough the function Bn{z, k) — z has exactly one zero, A^, in Ur{X). 
It satisfies Im A^ ^ for k and 

Proof. Eq. (1^) implies 

\{Bn{z, k)-z)- {Xi{k) -z)\ = K^\Fn{z, k)\ ^ ck' . (49) 

It suffices to show this in any neighborhood Ur'{X) with r' < r. On dUr>{X) = {z E 
C I |A — z| = r'} we have |Ai(k) — z\ ^ r' — \n{ip, V(p)\, which for small n is bigger than ck^. 
Therefore, 

\{Bn{z, k) - z) - (Ai(k) - z)\ < |Ai(k) - z\ , 

so that by Rouche's theorem, see e.g. jSj, Bn{z, n) — z and Ai(k) — z have the same number 
of zeros in Ur'{X), namely one (called A^). It can not lie in the upper half-plane since 
Im [Bn{z, K,) — z) < there. It can also not lie in \z — w{k)\ ^ Ck'^ for sufficiently large C, 
where w{k,) is the expanded part on the r.h.s. of (PHj) . Indeed, 

\Bn{z, k) - z\^ \w{k) - z\- K^\Fn{z, k) - F„(Ai(fi:), k)\ 

^ \w{n) -z\- Ck^\z - Xi{k)\ ^ (1 - Ck'^)\z - w{k)\ - Ck'^\w{k) - Xi{k)\ , 

since (HH) implies a uniform bound on dFn/dz. Given that \w{k) — Ai(k)| ^ ck^ the claim 
follows. □ 

We will next establish Proposition 13.21 for that complex frequency A^. 

Proof of Proposition We choose g such that suppgf C / and g = 1 on some smaller 
interval. We then have 

{ip,e-'''^'g{HM = -\im-i<f, [ d^^e-'^'g{fI)lm{^l + ^e-H^)-'^) 
= - I dfie-'^'*g{fi)lm{B{fi + iO,K,) - fi)-^ 

since by (jl^ the limit can be taken under the integral. We split the expectation value as 

(yp, e-'^'^'giRM = - [ dfi c'^^'gWrn (5„(/i, k) - fi)-' + -[ dfie-'^'g{fi)lmrn{fi, k) . 



Using 

n 



(7 \ 'i 



(50) 
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and g{fi) = for ^ J, the second integral can be estimated by (1 + 1) times 



j dfig{fi)lmrn{fi,K.)(^l +i 



d 



dfie-'^'il- 



R 



dfi 



(5((/i)Imr„(/i, k)) 



^ max \\rl^\-,i^)\\mi) , 



or with n — 1 in place of n. Because of (|47|) this is consistent with the remainder estimate 
for b{K,,t) in (I7|). The first integral equals 



(51) 



with both terms in parentheses being analytic functions for G Ur{\)- Within a smaller 
interval, where g{^) = 1, we deform / to a path 7 C Ur{X) in the lower half-plane staying a 
positive distance away from A. In doing so we cross the simple pole of the first term (but 
not Ak of the second). We so obtain for 



^ / dze-'''giz){iB^iz,K)-zy'-iB^iz,K)-z'-' 



-e-*"«*Res,=A.(5„(z,/€)-z)-\ (52) 
where g was extended to g{z) = 1 along the deformed portion of 7. The residue is 

Res,=A«(5„(2;,/«) -2;)-^ = / dz{Br,{z,K)-z)-' = 1 + 0{k^), 

since by we have {Bn{z,K) — z)^^ = (Ai(k) — z)~^ + O(k^) on \z\ = r'. The residue 
contribution in ()52|1 thus matches the term a(/t)e~*'^''* in (jZj). The line integral on 7 may be 
written as 

-— / dze-"'g{z){Bn{z, k) - z)-\Fn{z, k) ~ Fn{z, K)){Br,{z, - z)-\ 

where the integrand, except for e~*^*, has derivatives of any order which are bounded uni- 
formly in small k. Using again (j50|l with ^ = z, repeated integrations by parts, and |e~*^*| ^ 1 
for t ^ 0, 2; G 7 that integral can thus be lumped into the remainder 6(k, t). □ 

As anticipated we will now show that 



Fn{z, k) 



k=0 ' ^ ^ 



satisfies the requirements of Proposition 13. 2[ Hypothesis 1 holds by ()4H 
small enough. As a preliminary in checking hypothesis 2 we show that 

GiE, k) := {B{E + zO, k) - E)-^ 

may be bounded by a simpler function, 

G{E,k) := (Ai(k) -E + ifi:2lmF(A + zO,K))~^ 



provided r is 
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Lemma 3.4 

\G{E,k)\^C\G{E,k)\, (Eel). (53) 
Proof. Inequality is equivalent to 

\Xi{k) -E + tKHmF{X + iO, ^ C^lXiin) -E + k^F{E + iO, k)\'^ (54) 
and follows since the left hand side equals 

{Xi{k) - Ef + {KHmF{X + tO,K))^ 
< 2(Ai(/t) ~E + K^Re F{E + iO, k)Y + 2{K'^Re F{E + iO, K) f + (k^Iui F(A + iO, K) f . 

By Eqs. ()4H1 and (jl^ the last two terms are bounded by a constant times {n^lm F{E + 
iO, k))^ for any E & I. This proves (jK^ . □ 

We recall the definition of Bn{z,K) and set G'„(2;, k) = {Bn{z,K) — z)^^. We note 
that also holds for provided / is small enough (but independent of n). Therefore we 
also have 

\Gn{E,K)\^C\GiE,K)\, (Eel). (55) 

By Taylor's estimate, 

\B^''\E + tO, k) - Bi^\E, k)\ ^ Gk^\E - Ai(/t)r+^~'= 

for G /, = 0, . . . , ra, and, since / is bounded, also 

\B^^\E + iO, K) - B^^\E, k)\ ^ Ch^\E - Ai(K)r (56) 

for any m ^ n + 1 — fc. We shall also need that the derivatives of Gn essentially behave as 
if Bn{E, k) had no dependence on E. 

Lemma 3.5 For k = 0, . . . ,n, 

snp\Gl'\E,K)iBr,iE,K)-E)'^+^^G. (57) 
Be/ 

Proof. We shall prove this by induction starting with k = 0, which holds by 

Gn{E,K){Bn{E,K)-E) = l. 

Taking the fc-th derivative thereof and multiplying with (i?„ — E)'^, we get 

g Q G^\E, K){Br,{E, k) - Ey^' . (B„(i?, k) - E)'~^-'J^{B^{E, k) - E) = . 

The term j = is the one under estimate (its second factor equals 1 in this case). Since 
j < k for the others, their first factors are bounded by induction assumption, and the second 
manifestly. □ 

We can now estimate rn\E) = G^^\E + iO, k) — Gn\E^ k). It is convenient to consider 
the following, slightly stronger statement Vk'- 
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Proposition 3.6 Let / ^ 0. Then 



^ Ck^ {l + k <n), 

LHi) ^ \CK'^\log\K\\ {l + k = n). 



We remark that for I = this estimate is ()47|1 . 

Proof. Assuming (Vq, . . . , Pfc-i) we shall prove Vk, as long as k ^ n (note that the induction 
assumption is empty for k = 0). We differentiate G{E, k,){B{E, k) — E) = 1 k times: 



Y,{^}jG^'\E,K){B{E,K)-E) 



feO • 



0=0 

Subtracting from it the same relation for G„, Bn we obtain 

k 



\(k-3) 



E ( ■) k) - Gii\E, k)){B{E, k) - E)( 

+ Gli\E, k){B^'-^\E, k) - B^J:-^\E, k))] = . 

We then separate the first term for j = k and multiply by GG^: 

iG^''\E, k)-GI^\E, k))G\E,k) 

J2[ ■) (^^'H^> 't) - GliXE, k)){B{E, k) - E)^''''^G{E, k)G\E, k) 



3=0 

k 



Gi?XE, k){B^'-^\E, k) - B^t'\E, ^))G{E, k)G\E, 



0=0 



Since B and its derivatives are bounded and because of ()5H|1 . the terms of the first sum (which 
is empty for k = 0) may be estimated by \{G^^'^ - Gli^){E, k)G^+\E, k)\. For I + k < n its 
L^(/)-norm is bounded by Ck^ by induction assumption, since (/+l)+j ^ (/+l) + (/c— 1) < n. 
If / + = n it is bounded by Ck^ \ log \ k\ \ for the same reason. In view of ESI EH) the 

terms of the second sum are bounded by a constant times 



K 



\G\^+^\G\'+^\E - Xi{K)r (58) 



for any choice of m ^ n + 1 — (/c — j). If / + A; < n, and hence j + l + 2^j+n — k + 1, 
we may pick m = j + / + 2, so that is bounded by since IGl^ji? — Ai(/s:)|™ ^ 1. If 
/ + A; = n we need to take m one less than before, so that ()58j) is bounded by k^IGIE, k)\. 
Since ^ C\ log|K||, the claim again follows. □ 

We conclude with the proof of Prop. 11.31 which is independent of Theorem 11.21 Together 
with that theorem, it shows that the resonance energy is uniquely defined by the decay 
law ((Tj) up to errors 0{k,'^). 
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Proof of Proposition II. 3L We will make use of the estimate 



log— — rr, {WuW2 eC\{0}) , 59 

' W2' 2 mm(|wi|, 1^2!) 

where the modulus on the l.h.s. should be understood as \z\ = dist(z, 27riZ), in view of 
the many values of the logarithm. We shall prove it later and use it now for wi = e"*'^"*, 
W2 = e"*'^"*: Since \wi — ^ C/t^ by assumption (f7| irUj) and \wi\ = e^™^"* we get 

Though the exponent is increasing in t ^ (note that ImA^, ImA^ ^ by assumption), the 
r.h.s. remains uniformly small for t ^ = (max{|ImAK|, |ImAK|})^^. There the proviso on 
the modulus can be omitted from the l.h.s. and we obtain for t = Iq 

\K - Ak| ^ Cfi;^max(|ImA«;|, |ImA«;|) . 

This is the claim (jlip if the maximum is given by | Im A^ | ; in the other case it implies 
llmA^I ^ llmA^Kl — C/t^) by the triangle inequality, and hence again (fTT|) . To prove 
()59j] we may assume \wi\ > \w2\ by symmetry and reduce the claim by homogeneity to 
I logw| < [(2 + 7r)/2]\w — 1| for \w\ ^ 1. This follows from 

II III TT, ,2 + 7r, , 
I logt^l ^ log \w\ + I argw| ^ |w| — 1 H — — 1| ^ |w — 1| , 

where the estimate on log \ w\ is by concavity. That on ^ = argw is by the law of cosines 

\w-l\^ = \w\^ + l- 2\w\cos9 = {\w\-lf + 2\w\{l-cose) ^4sin2(^/2) 
and by | sin(0/2)| ^ \e\/Tr for \9\ ^ tt. □ 
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